Abstract. Let X be a (smooth) projective spherical variety. We give a description of the subalgebra of the cohomology ring H * (X, Q) generated by H 2 (X, Q), in terms of the volume of polytopes. This generalizes the Khovanskii-Pukhlikov description of the cohomology ring of toric varieties. It has a particularly nice form when X is a partial flag variety or a regular group compactification. In particular, we obtain a unified description for the cohomology rings of the complete flag variety G/B and the toric varieties. We also address the question of the additivity of the moment and string polytopes and prove the additivity of the moment polytope for group compactifications.
Introduction
The well-known theorem of Bernstein and Kušnirenko [BKK] on the number of solutions of a system of Laurent polynomial equations in terms of the volumes of their Newton polytopes, can be interpreted as giving a formula for the intersection numbers of divisors in a projective toric variety. Khovanskii and Pukhlikov §1.4 ] observed that the Bernstein-Kušnirenko theorem, in fact, completely determines the cohomology ring of any (smooth) projective toric variety (Theorem 7.1). The key fact is that the cohomology ring of a (smooth) projective toric variety is generated in degree 2.
Bernstein-Kušnirenko theorem has been generalized to the representations of reductive groups by B. Kazarnovskii [Kaz] and more generally, to spherical varieties by M. Brion [Br2, § 4.1] . Let G be a complex connected reductive group. A normal G-variety X is called spherical, if a Borel subgroup of G has a dense open orbit. Let V be a finite dimensional G-module and X ֒→ P(V ) a closed spherical G-subvariety of dimension n. Brion's formula gives the degree of X in P(V ) as the integral of an explicitly defined function over the moment polytope µ(X) (Theorem 4.1). If L is the line bundle on X obtained by the restriction of the canonical ample line bundle on P(V ) to X, the degree of X in P(V ) is just c 1 (L) n where c 1 denotes the first Chern class. Let L 1 , . . . , L n be n very ample G-line bundles on X. Brion's formula readily gives a formula for c 1 (L 1 ) · · · c 1 (L n ) generalizing BernsteinKušnirenko theorem.
When G is a classical group over C, A. Okounkov [Ok] associates a polytope ∆(X) to an embedding of a projective spherical G-variety X ֒→ P(V ), where V is a finite dimensional G-module. Using the above result of Brion, he shows that deg(X) in P(V ) is equal to n!Vol(∆(X)), n = dim(X). The polytope ∆(X) is the polytope fibred over the moment polytope of X with the Gelfand-Cetlin polytopes as fibers. Following ideas of Caldero [Cal] , Brion and Alexeev generalize Okounkov's construction to spherical varieties for any reductive group action [AB] . Brion-Alexeev-Caldero's work relies on the generalization of the well-known Gelfand-Cetlin polytopes for GL(n, C) to any reductive group. Recall that a reduced decomposition S for w 0 , the longest element in the Weyl group, is a decomposition w 0 = s 1 · · · s N into simple reflections s i . Here N = l(w 0 ) is the length of w 0 which is equal to the number of positive roots. For a choice of a reduced decomposition for w 0 and a dominant weight λ, one constructs a polytope ∆ S (λ) ⊂ R N called a string polytope. The string polytope has the property that the integral points inside it are in one-to-one correspondence with the elements of the so-called canonical basis for the highest weight representation space V λ . For a spherical variety X and a G-linearized line bundle L on X, Brion-Alexeev define a polytope ∆ S (X, L) ⊂ Λ R × R N , where Λ R is the real vector space generated by the weight lattice. The projection on the first factor maps this polytope onto the moment polytope µ(X, L) and the fibre over each λ ∈ µ(X, L) is the string polytope ∆ S (λ). From the above mentioned property of the string polytopes it can be seen that deg(X, L) = n!Vol(∆ S (X, L)).
It follows that the product of Chern classes of n line bundles L 1 , . . . , L n over X can be computed as a mixed volume of these polytopes.
Unlike the toric case, it can be shown that the cohomology ring of a (smooth) projective spherical variety, in general, is not generated in degree 2 (for example the Grassmanian of 2-planes in C 5 ). In this note, using BrionAlexeev formula for the degree, we give a description of the subalgebra of the cohomology ring of a (smooth) projective spherical variety generated by 2-cocycles in terms of the volume of polytopes (Theorem 6.1). This is the direct generalization of Khovanskii-Pukhlikov description of the cohomology ring of projective toric varieties.
To investigate the analogy with the toric case more closely, in Section 5 we address the question when the map
where L 1 and L 2 are very ample line bundles and the addition is the Minkowski sum of convex polytopes. For this, we discuss the additivity of the moment and string polytopes separately. We see that in general neither one is additive. Although we show that when X is a smooth group compactification the moment polytope is additive (Theorem 5.6) , that is
From this the additivity of ∆ S (X, L) follows for the case of the compactifications of GL(n, C) and its Gelfand-Cetlin polytopes. In fact the same is also true for the other classical groups SP(2n, C), SO(n, C) and their GelfandCetlin polytopes as defined in [BZ] .
From the Bruhat decomposition it follows that the (partial) flag varieties are spherical. Hence our result in particular gives a description of the cohomology subalgebra generated by degree 2 elements of the (partial) flag variety in terms of the volume of polytopes. It is known that the cohomology ring of the complete flag variety G/B is generated in degree 2. Thus our result gives a description of the cohomology ring of the flag variety G/B. It is interesting to note that this way, we arrive at very similar descriptions for the cohomology rings of toric varieties and the flag variety G/B. This description of the cohomology ring of G/B coincides with Borel's description via a theorem of Kostant [Kos] . It states that if P is the polynomial which is the product of equations of the hyperplanes perpendicular to the roots, then the ideal of differential operators f which annihilate P is generated by the W -invariant operators.
This note is closely related to the work of Guillemin and Sternberg [GS] .
A Theorem from Commutative Algebra
Let A be a finite dimensional graded commutative algebra over a field k of characteristic zero. In this section we prove the following fact: if A is generated by A 1 , the subspace of degree 1 elements, and satisfies a few good properties, then the algebra A can be described as a quotient of the algebra of constant coefficient differential operators on the vector space A 1 . We will use this theorem to give a description of the cohomology subalgebra of a (smooth) projective spherical variety generated by 2-cocycles. This theorem is not new and is implicit in the work of Khovanskii-Pukhlikov [Kh-P] . There is also a version of this theorem for zero dimensional Gorenstein algebras (see [Eis, Ex. 21.7]) 1 . For the sake of completeness we give a proof of this theorem. (
Let {a 1 , . . . , a r } be a basis for A 1 and P : k r → k be the polynomial defined by P (x 1 , . . . , x n ) = (x 1 a 1 + · · · + x r a r ) n ∈ A n ∼ = k. Then A, as a graded algebra, is isomorphic to the algebra k[t 1 , . . . , t r ]/I, where I the ideal defined by We wish to prove that ker(Φ) = I. Note that from the definition, both I and ker(Φ) are generated by homogeneous elements. From the definition of the polynomial P we have:
be a homogeneous polynomial of degree n. One can see that
Thus f ( ) · P = 0. So we showed that f ∈ I implies f ∈ ker(Φ). Conversely, suppose f a 1 ,...,ar = 0, we have
With γ i = α i − β i we can write the above expression as
which shows that f ∈ I. Hence we prove that ker(Φ) = I and thus
In Section 6, we will apply this theorem to the cohomology of a (smooth) projective spherical variety X. We take A to be the cohomology subalgebra generated by H 2 (X, Q). For each i, the i-th graded piece A i will be A ∩ H 2i (X, Q).
3 Poincare Duality for the Cohomology Subalgebra Generated by H 2 (X, Q)
Let X be a (smooth) projective variety of dimension n over C with a paving by complex affine cells. In particular, X has no odd cohomology. In this section, we show that the subalgebra A of the cohomology generated by H 2 (X, Q) satisfies the Poincare duality. More precisely, let A i ⊂ H 2i (X, Q) denote the i-th graded piece of A. Then the cup product pairing
Suppose X is a subvariety of a (smooth) projective variety Y of dimension m over C without odd cohomology. Let i : X ֒→ Y denote the inclusion map. The following lemma shows that the image of the cohomology algebra of Y in X satisfies the Poincare duality.
) satisfies the Poincare duality, that is the cup product pairing
* (σ) = 0, which proves that the above paring is non-degenerate.
It remains to show that X can be embedded in a (smooth) projective variety Y such that the image of the cohomology of Y in X is the cohomology subalgebra generated by H 2 (X, Q). Since X has a paving by complex affine cells, Pic(X) ⊗ Q = H 2 (X, Q) and hence we can choose very ample line bundles L 1 , . . . , L r over X such that c 1 (L 1 ), . . . , c 1 (L r ) is a vector space basis for H 2 (X, Q), where c 1 denotes the first Chern class. Each L i gives rise to an embedding φ i : X ֒→ P(V i ), where
Using the φ i , we get the diagonal embedding:
Since Y does not have odd cohomology, by the Künneth formula we have:
and hence
i.e. the image of the cohomology of Y in X is the same as the subalgebra generated by H 2 (X, Q). After applying Lemma 3.1 to φ : X ֒→ Y , we obtain: Proposition 3.2. Let X be a (smooth) projective variety of dimension n over C without odd cohomology. The subalgebra A of H * (X, Q) generated by H 2 (X, Q) satisfies the Poincare duality, i.e. for any 0 ≤ i ≤ n, the cup product pairing
Degree of a Spherical Variety
Let G be a connected reductive algebraic group over C and X a (smooth) projective spherical G-variety of dimension n. Recall that a normal G-variety is spherical if a Borel subgroup of G has a dense orbit. In this section we explain the formulae for the degree of X in terms of an integral over a polytope and the volume of a polytope.
Notation: Throughout the rest of the paper we will use the following notation. Let B denote a Borel subgroup of G and T a maximal torus contained in B. The Lie algebra of T and its dual will be denoted respectively by t and t * . Let Φ = Φ(X, T ) ⊂ t * be the root system with Φ + = Φ + (X, T ) the subset of positive roots. We denote by α 1 , . . . , α r the corresponding simple roots where r is the semi-simple rank of G. Let W be the Weyl group of (G, T ), and s 1 , . . . , s r ∈ W the simple reflections associated with α 1 , . . . , α r . These generators of W define a length function l on this group. We denote by w 0 the unique longest element in W . Then N = l(w 0 ) is the number of positive roots. Denote by Λ the weight lattice of G (that is, the character group of T ), and by Λ + the subset of dominant weights. Put Λ R = Λ ⊗ Z R. Then the convex cone generated by Λ + in Λ R is the positive Weyl chamber Λ + R . For a dominant weight λ ∈ Λ, the irreducible G-module with highest weight λ will be denoted by V λ . Moreover v λ will denote a highest weight vector for V λ .
Formula for Degree
Let L be a very ample G-linearized line bundle on the spherical variety X. It gives rise to an embedding X ֒→ P(V ), where V = (H 0 (X, L)) * . In this section we state a nice combinatorial formula due to Brion for the degree of X in P(V ). The case where X is a group compactification has been obtained first by Kazarnovskii [Kaz] . It generalizes the well-known Kušnirenko-Bernstein theorem on the number of solutions of a system of polynomials in (C \ {0}) n [BKK] (which can be interpreted as the degree of a toric variety).
Recall that for every projective G-variety X with a G-line bundle L, the moment polytope is defined as follows:
(1)
where f (γ) is the function on the linear span of µ(X, L) defined by
Here ·, · is the Killing form and ρ is half the sum of positive roots.
String Polytopes
For the sake of completeness, in this section we recall the definition of string polytopes for a reductive group G. Most of this recollection is taken from [AB, §1] .
U of regular functions on G which are invariant under the right multiplication by U. The group G × T acts on A where G acts on the left and T acts on the right, since it normalizes U. It is well-known that we have the following isomorphism of G × T modules
where V * λ is the irreducible representation with highest weight λ * = −w 0 λ, and T acts on each V * λ via the character λ. The vector space A has a remarkable basis B = (b λ,φ ), where each b λ,φ is an eigenvector of T × T ⊂ G × T , of weight λ for the right T -action. For fixed λ, the vectors b λ,φ form a basis for V * λ . This basis is the dual basis for the basis of V λ which consists of the nonzero bv λ , where b belongs to the specialization of Kashiwara-Luszig's canonical basis at q = 1 and v λ is a highest weight vector. The basis B is called the dual canonical basis. For a reduced decomposition of w 0 , the longest element of W , one can define a parametrization of B called the string parametrization [Lit, BZ] . Recall that an N-tuple of simple reflections
is a reduced decomposition for w 0 if w 0 = s i 1 s i 2 · · · s i N , N = l(w 0 ). The string parametrization associated to S is an injective map
The string parameters have to do with the weight of a basis element as an eigenvector for the T × T -action. Namely, the weight of b λ,φ ∈ B for the right T -action is equal to λ and its weight for the left T -action is
The image of ι S is the intersection of a rational convex polyhedral cone C of Λ R × R N with the lattice Λ × Z N .
Definition 4.2. The string polytope ∆ S (λ) is the polytope in R N obtained by slicing the cone C at λ, that is
Note that from the definition it follows that ∆ S (kλ) = k∆ S (λ) for any positive integer k. By what we said above, the lattice points in ∆ S (λ), i.e. the points in ∆ S (λ) ∩ Z N , are in bijection with the elements of the basis b λ,φ for V * λ (and hence in bijection with the basis for V λ ). Thus,
Now, let P λ be the parabolic subgroup associated to the weight λ and L λ the line bundle on G/P λ induced from the embedding G/P λ ֒→ P(V λ ). Put d = dim(G/P λ ). From (2) we can find the degree of G/P λ as follows:
Remark 4.3. The Gelfand-Cetlin polytopes are special cases of the string polytopes. More precisely, let G = GL(n, C). Then the Weyl group is W = S n+1 . Let us take the nice reduced decomposition
for w 0 , where s i denotes the transposition exchanging i and i + 1. Then ∆ S (λ) coincides with the well-known Gelfand-Cetlin polytope corresponding to λ. Similarly, when G = SP(2n, C) or SO(n, C), for a similar choice of a reduced decomposition, one can recover Gelfand-Cetlin polytopes as the string polytopes [Lit] .
Degree as Volume of a Polytope
The formula for the degree of (X, L) in Theorem 4.1 can be interpreted as the volume of certain polytope associated to (X, L). When G is one of the classical groups GL(n, C), SP(2n, C) and SO(n, C) the construction of these polytopes is due to Okounkov [Ok] who constructed them from the moment polytope and Gelfand-Cetlin polytopes. Using ideas of Caldero [Cal] , Brion and Alexeev generalize this construction to any reductive group [AB, §3] . Moreover, they generalize the result in [Kav] for G = SP(2n, C) to any reductive group. That is, X can be flatly deformed to the toric varieties associated to these polytopes. We now briefly explain the construction in [AB, §3] : let us fix a reduced decomposition S for w 0 . The polytope ∆ S (X, L) is a rational convex polytope in Λ R × R N . The first projection p :
For a rational convex polytope ∆ ⊂ Z M , and a large enough k ∈ N, the number #(k∆ ∩ Z M ) is a polynomial in k called the Ehrhart polynomial of ∆. The above implies that the Ehrhart polynomial of ∆ S (X, L) is the same as the Hilbert polynomial of (X, L). As in (3), it follows that Theorem 4.4 (Remark 3.9 (iii) [AB] ). Let X be a projective spherical variety of dimension n and L a very ample G-linearized line bundle on X. Then deg(X, L) = n!Vol(∆ S (X, L)).
Additivity of the Moment and String Polytopes
As usual, let X be a (smooth) projective spherical variety of dimension n and L a very ample G-line bundle. Note that the degree map
is a polynomial of degree n on the vector space Pic(X) ⊗ Z Q. Now, let X be a toric variety. Let us give a nice description of the degree polynomial in terms of the volume polynomial of polytopes. One shows that, for toric varieties, the moment polytope map
is an additive (linear) map from the semi-group L of very ample line bundles on X to the semi-group of convex polytopes in R n (with respect to the Minkowski sum of convex bodies). That is, if L 1 and L 2 are two very ample equivariant line bundles on
where addition in the right-hand side is the Minkowski sum. By BernsteinKušnirenko theorem, deg(X, L) = n!Vol(µ(X, L)).
Thus, it follows that the degree polynomial
is the composition of the additive (linear) map L → µ(X, L) with the Volume function. Recall that the Volume as a function on the space of polytopes can be extended to a polynomial function on the vector space generated by the semi-group of polytopes. The Volume function is thus also called the volume polynomial.
Unfortunately, this is not true in general for spherical varieties. That is, the moment polytope map L → µ(X, L), and consequently the map L → ∆ S (X, L) (for a fixed reduced decomposition S) are not in general additive (linear). The polytope ∆ S (X, L) was constructed as the polytope over the moment polytope with string polytopes as fibres. Below we discuss the additivity for the moment and string polytopes separately.
The following is an example that, for a spherical variety the moment polytope map is not necessarily additive.
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Example 5.1. Let G = SL(2, C) act on X = CP 1 × CP 1 diagonally. This is a spherical variety. Let V n denote the irreducible representation of G of dimension n + 1 and let v n be a highest weight vector of V n . The flag variety G/B ∼ = CP 1 embeds in P(V n ) via gB → g · v n . Let L n be the line bundle on CP 1 induced by this embedding. Then L n = O(n). Let π 1 and π 2 denote the projection of X on the first and second factors respectively. For non-negative integers a and b define
It is a G-line bundle on X for the diagonal action of G. Let us compute the moment polytopes µ(X, L 2,1 ), µ(X, L 1,2 ) and µ(X, L 3,3 ) to show that the latter is not the sum of the other two moment polytopes. Now
From (1) we obtain that µ(X, L 2,1 ) is the line segment [1, 3] . Similarly µ(X, L 1,2 ) is [1, 3] . Finally
and thus the moment polytope of (X, L 3,3 ) is the line segment [0, 6] . It is obvious that, regarded as 1-dimensional polytopes, the Minkowski sum of [1, 3] with itself is not equal to [0, 6] .
Example 5.2. An interesting special case when the moment polytope is additive is the case of a group compactification. The additivity of the weight polytope, that is the convex hull of the weights of the representation, was already noticed by Kazarnovskii [Kaz] . Below we prove the additivity of the moment polytope (which in fact can be identified as the intersection of the weight polytope with the positive Weyl chamber). Let π : G → GL(V ) be a representation of a reductive algebraic group G such that its induced projective representation is faithful (i.e. projectively faithful). We can associate a compactification X π of G to this representation as follows. Take the cone over π(G) in End(V ) and consider the variety which is the closure of the projectivization of this cone in P(End(V )). Let X π be the normalization of this variety. It enjoys an action of G × G which comes from the standard action of π(G) × π(G) on End(V ) by multiplication from left and right. This action extends the usual left-right action of G × G on G. Let P π denote the convex hull of the weights of π. It is a W -invariant polytope in Λ R . Recall that the normal fan of a polytope is the fan defined by the following property: for any i, every i-dimensional cone of the fan is perpendicular to a face of the polytope of codimension i. One has Theorem 5.3 ( [Kap, Br3] Let us assume that X π is smooth. The restriction of the canonical ample line bundle on P(End(V )) to X π gives a very ample (G × G)-equivariant line bundle L π on X π . One can show that the polytope P π and µ(X π , L π ) are related as follows. Define ι :
Then the image of P π under ι intersected with Λ + R × Λ + R the positive Weyl chamber for G × G, is the moment polytope µ(X, L) [Kaz] . Conversely, let X be a (G × G)-equivariant compactification of G and L a very ample (G × G)-equivariant line bundle on X. Then V = H 0 (X, L) is a (G × G)-module and hence a G-module where G acts diagonally. It gives rise to a projectively faithful representation π : G → GL(V ). It can be verified that X π is isomorphic to X as a (G × G)-variety. The additivity of the weight polytope was noticed by Kazarnovskii [Kaz] :
Lemma 5.4. Let π i : G → GL(V i ) be two representations of the reductive group G. Then P π 1 ⊗π 2 = P π 1 + P π 2 .
Proof. From the definition, for a representation π, the polytope P π is the convex hull of the weights of the restriction π |T of the representation to a maximal torus T . It is easy to see that (π 1 ⊗ π 2 ) |T = π 1|T ⊗ π 2|T . Hence it is enough to verify the lemma when G = T is a torus. But this is both well-known and easy to show.
To prove the additivity of the moment polytope we need the following lemma which is the additivity for the special case of irreducible representations. For a dominant weight λ let P λ denote the weight polytope of the irreducible representation V λ .
Lemma 5.5. For any two dominant weights λ 1 and λ 2 we have
Proof. Let α 1 . . . , α r and ω 1 , . . . , ω r be the simple roots and the fundamental weights respectively. Choose a W -invariant inner product ·, · on Λ R . Let λ = r i=1 c i ω i , c i ≥ 0 be a dominant weight. From the definition it follows that the polytope (P λ ∩ Λ + R ) is defined by the inequalities:
It is easy to see that the Minkowski sum of (
which of course is the same inequalities defining the polytope P λ 1 +λ 2 ∩Λ + R . Theorem 5.6. Let X be a smooth compactification of a reductive group, and let L 1 and L 2 be two G × G-line bundles. Then
Hence it is enough to prove the additivity for the ∆ i i.e. ∆ = ∆ 1 + ∆ 2 .
Note that W ·∆ i = P π i and P π 1 ⊗π 2 = P π 1 +P π 2 (Lemma (5.4) ). Thus we need to show that (
We can assume that the λ i are dominant weights. Since for every irreducible representation V µ appearing in π λ 1 ⊗ π λ 2 we have µ ∈ P λ 1 +λ 2 we see that
So w 1 (λ 1 ) + w 2 (λ 2 ) ∈ P λ 1 +λ 2 ∩ Λ + R . From Lemma 5.5 now we conclude that
But λ i ∈ ∆ i and thus
Remark 5.7. The author conjectures that the additivity of the moment polytope map is true for a regular symmetric variety X and the line bundles which restrict trivially to the open G-orbit.
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A homogeneous space G/H is a symmetric homogeneous space if H is the fixed point set of an algebraic involution of G. The regular symmetric varieties are a class of smooth equivariant compactifications of G/H. They are interesting examples of spherical G-varieties. There is a natural choice of a torus S ⊂ T such that for any regular compactification X of G/H, the closure Z ⊂ X of S is a smooth toric variety and Z intersects all the Gorbits in X [DP] . To prove the above conjecture, it is enough to show that, for an ample line bundle which restricts to a trivial bundle on G/H, the Weyl group orbit of µ(X, L) is convex and coincides with the moment polytope of (Z, L |Z ) (because the moment polytope map is additive for toric varieties.) Similarly, for a spherical variety X there is a toric variety Z ⊂ X which intersects all the G-orbits and dim(Z) = rank(X)
5 [BLV] . Another interesting question is for which very ample equivariant line bundles L on X the moment polytope of (Z, L |Z ) is the convex hull of the Weyl orbit of the moment polytope of (X, L)? This will imply that, for these line bundles, the convex hull of the Weyl orbit of the moment polytope is additive.
We end the section with few words about the additivity of the string polytope. From the definitions, one can verify that the classical GelfandCetlin polytopes for GL(n, C), SO(n, C) and SP(2n, C) are additive, that is, ∆(λ + µ) = ∆(λ) + ∆(µ) (see [BZ] for the definitions). But in general, this is not true for string polytopes. In fact, for a reduced decomposition S, there is a fan Σ S such that the following holds. Remark 5.9. From the above paragraph and Proposition 5.6 it follows that the map L → ∆ S (X, L) is additive when G is one of the classical groups GL(n, C), SP(2n, C) or SO(n, C) and S is the nice decomposition giving Gelfand-Cetlin polytopes and finally X is a group compactification or a flag variety.
Main Theorem
As before, X is a (smooth) projective spherical variety of dimension n. We want to combine the formula for the degree (Theorem 4.4) and Theorem 2.1 to give a description of the subalgebra A of the cohomology generated by the 2-cocycles.
In Theorem 2.1, let k = Q and A be the subalgebra of the cohomology generated by 2-cocycles. We take A i , the i-th graded piece of A, to be A ∩ H 2i (X, Q). Every spherical variety has a finite number of T -fixed points and it follows from the theory of Bialynicki-Birula [BB] that X has a paving by (complex) affine spaces and hence H 2 (X, Z) ∼ = Pic(X). Moreover, X
5 The rank of a spherical variety X is the minimal codimension of a U -orbit (where U is a maximal unipotent subgroup). Then rank(X) is the codimension of U · x, for any point x in the open B-orbit (where B is the Borel subgroup containing U ).
has no odd cohomology. By Proposition 3.2, A satisfies the conditions in the statement of Theorem 2.1. Let L denote the set of all very ample line bundles on X. It is a semi-group in Pic(X) and generates H 2 (X, Q) as a vector space. Fix L 1 , . . . , L r ∈ L such that the a i = c 1 (L i ) forms a basis for H 2 (X, Q). Let P (x 1 , . . . , x r ) = (x 1 a 1 + · · · + x r a r ) n ∈ H 2n (X, Q) ∼ = Q, be the homogeneous polynomial of degree n in Theorem 2.1. It suffices to know the polynomial P on L. From Theorem 4.4, for L = L
where as before S is a fixed reduced decomposition for w 0 . From Theorem 2.1 we have: 
where f (
) is the differential operator obtained by replacing t i with ∂/∂x i in f .
Examples

Toric Varieties
n be a torus and X a (smooth) projective T -toric variety. It is well-known that X is determined by a fan Σ ⊂ t = Lie(T ). Every convex lattice polytope ∆ ⊂ t * normal to the fan Σ determines a line bundle L ∆ on X. The set of convex lattice polytopes normal to Σ form a semi-group S with respect to the Minkowski sum of convex sets. Let us denote by V the vector space generated by S over Q. One can identify V with Q r where r = number of 1-dimensional cones in Σ. One has natural isomorphisms Pic(X) ∼ = S/ ∼ and H 2 (X, Q) ∼ = V/ ∼, where ∆ ∼ ∆ ′ if they can be identified by a translation. From Bernstein-Kušnirenko theorem
The function volume extends to a homogeneous polynomial P of degree n on V, which we again denote by P . It is well-known that the cohomology ring of a toric variety is generated in degree 2. From Theorem 6.1, we then obtain the following description of H * (X, Q):
. With notation as above, the cohomology algebra H * (X, Q) is isomorphic to the algebra Sym(V)/I 6 , where I the ideal defined by
and P (x) is the homogeneous polynomial of degree n on V defined by
for any polytope ∆ ∈ S.
One can recover the usual description of the cohomology ring of a toric variety by generators and relations, due to Danilov-Jurkiewicz, from the above theorem (see [Tim] ).
Complete and Partial Flag Varieties
Let G be a connected reductive group and P ⊂ G a parabolic subgroup. In this section, using Theorem 6.1, we obtain a description of the cohomology subalgebra of G/P generated by 2-cocycles in terms of volume of string polytopes (Corollary 7.2). In particular, we get a description of the cohomology algebra of G/B, since it is generated in degree 2 (Corollary 7.3). It is interesting to note that we obtain very similar descriptions for the cohomology algebra of G/B and the toric varieties.
Let σ be a face of the positive Weyl chamber Λ + R and P σ the corresponding parabolic subgroup. Let X = G/P σ and n = dim(G/P σ ). For each λ ∈ Λ + which lies in the relative interior of σ, embed the flag variety X in P(V λ ) via 6 If V is a vector space, Sym(V ) denotes the dual of the algebra of polynomials on V . the orbit of a highest weight vector. Let L λ denote the line bundle on X obtained by restricting the dual of the canonical ample line bundle on the projective space P(V λ ) to X. Let Λ σ denote the group of lattice points in the linear span of σ. It is known that the map λ → L λ extends to an isomorphism between Pic(X) and Λ σ , and consequently an isomorphism between H 2 (X, C) and Λ σ ⊗ Z C. Fix a reduced decomposition S for the longest element w 0 ∈ W . Recall that deg(X, L λ ) = n!Vol(∆ S (λ)) (Section 4.2(3)). From Theorem 6.1 we have the following: Corollary 7.2. The cohomology subalgebra of H * (G/P σ , Q), generated by H 2 (G/P σ , Q) is isomorphic to the algebra Sym(Λ σ )/I, where I is the ideal defined by
and P is the homogeneous polynomial of degree n on Λ σ defined by
Since the cohomology algebra of the complete flag variety G/B is generated in degree 2 we obtain: Corollary 7.3. The cohomology algebra H * (G/B, Q) is isomorphic to the algebra Sym(Λ Q )/I, where Λ Q is the rational vector space spanned by the weight lattice Λ and the ideal I is defined by I = {f | f (∂/∂x) · P = 0}.
Here P is the homogeneous polynomial of degree n on Λ Q , P (λ) = Vol(∆ S (λ)) for any λ ∈ Λ + . where ρ is the half of the sum of positive roots. Notice that for each α, the equation x + ρ, α / ρ, α = 0 defines a hyperplane perpendicular to the root α. If P is a product of the equations of a collection of hyperplanes perpendicular to the roots, by a theorem of Kostant [Kos] , the ideal of differential operators on Λ Q which annihilate P , i.e. {f | f (∂/∂x) · P = 0}
is generated by the W -invariant operators of positive degree. This shows that our description of the cohomology of G/B as a quotient of the algebra of differential operators, coincides with Borel's description namely
where I is the ideal generated by the W -invariant polynomials of positive degree.
Regular Compactification of a Reductive Group
As usual, G is a connected reductive algebraic group. Let X = X π be a compactification of G coming from a faithful representation π and moreover assume that X is smooth (see Example 5.2). The closure of the maximal torus of G in X is a T -toric variety. The fan Σ of this toric variety is a Winvariant fan. The set of convex W -invariant lattice polytopes normal to Σ forms a semi-group S with respect to the Minkowski sum of convex sets. Let us denote by V the vector space generated by S over Q. One can identify V with Q r where r = number of W -orbits of 1-dimensional cones in Σ. As in the toric case (Section 7.1), one has a natural isomorphism H 2 (X, Q) ∼ = V/ ∼, where ∆ ∼ ∆ ′ if they can be identified by a translation.. That is, ∆ S (Q) is the polytope over Q such that the fibre over each λ ∈ Q is the string polytope ∆ S (λ). Following the notation in Example 5.2, recall that ι(P π ∩ Λ + R ) is the moment polytope µ(X, L). It follows from the definition of ∆ S (X, L π ) that Vol(∆ S (P π )) = Vol(∆ S (X, L π )).
From Theorem 6.1 we obtain the following:
Corollary 7.5. The cohomology subalgebra of H * (X, Q), generated by H 2 (X, Q) is isomorphic to the algebra Sym(V)/I, where I is the ideal defined by I = {f | f (∂/∂x) · P = 0}, and P is the homogeneous polynomial of degree n on V defined by P (Q) = Vol(∆ S (Q)) for any polytope Q ∈ S. Remark 7.6. As mentioned in the paragraph before Lemma 5.8, the map Q → ∆ S (Q) is additive when G = GL(n, C), SP(2n, C) or SO(n, C) and S is the nice decomposition in Remark 4.3 (i.e. Gelfand-Cetlin case). In this case, Q → ∆ S (Q) extends to a linear map from V to the vector space of virtual polytopes in Λ R ⊕ R N (i.e. the vector space generated by the convex polytopes). The polynomial P is the composition of the linear map ∆ S and the volume polynomial on V.
